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Abstract. This paper considers a class of closed p-adic sets obtained by 
graph-directed constructions analogous to those of Mauldin and Williams over 
the real numbers. These sets are characterized as those p-adic integers whose 
points have p-adic expansions describable by paths in the graph of a finite 
automaton, and we call them p-adic path set fractals. The class of such sets 
is shown to be closed under addition and multiplication by p-integral rational 
numbers r £ QnZ p , and also under set- valued addition (Minkowski sum). 
The Hausdorff dimensions of such sets are explicitly calculable. 



1. Introduction 

This paper studies closed subsets of the p-adic integers Z p which are constructible 
in a way analogous to the (real-valued) graph-directed fractal constructions of 
Mauldin and Williams [20], [21]. In our p-adic context these correspond to in- 
dividual sets K v in the Mauldin- Williams construction, whose set union is the full 
Mauldin- Williams construction object K . We term such sets p-adic path set frac- 
tals. 

Sets of this kind can be alternately characterized as consisting of those p-adic 
integers whose p-adic expansions are described by sequences generated by paths 
in a fixed finite automaton with a marked initial state. The collection of such 
paths is given abstractly in terms of one-sided symbolic dynamics, as a closed 
subset Xg C -4 N , where A is a finite symbol alphabet, specified by a presentation 
V = (G,v) in which Q is a labeled directed graph with edges labelled by elements 
of A, and v is a marked initial vertex of Q. We call these objects Xg path sets, and 
study them in more detail in [2]. An important feature of path sets is that they 
are closed sets of A N which are generally not invariant under the (one-sided) shift 
cr : A N -> A N given by a(a ,ai,a 2 , ■ ■ ■ ) = (a±, a 2 , a 3 , ■ ■ ■ ). 

The first object of this paper is to relate the p-adic constructions of this paper 
to Mauldin- Williams real number constructions. The basic idea is that Hausdorff 
dimension is preserved under the map taking a p-adic expansion of a p-adic integer 
to the base p radix expansion of a real number, and the work is to show that the p- 
adic construction objects here map to particular Mauldin and Williams real number 
constructions. The results of Mauldin and Williams for Hausdorff dimension of 
(real) graph-directed fractals then yield formulas for the Hausdorff dimension of p- 
adic path set fractals. These use data arising from any suitable presentation (G,v) 
of a finite automaton generating the underlying path set. esults. 

The second, and main, object of this paper is to show that the collection of p-adic 
path set fractals is preserved under p-adic addition and multiplication by rational 
numbers r that fall in Z p , i.e. for those r that are p-integral. Specifically we show 



Date: October 6, 2012. 



1 



2 



WILLIAM ABRAM AND JEFFREY C. LAGARIAS 



that given a presentation of a p-adic path set fractal V one can directly compute 
presentations as a path set fractal of its additive translates V + r and multiplicative 
translates rV for all r £ Q D Z p . More generally, we show that set- valued addition 
(Minkowski sum) of p-adic path set fractals V\ , V 2 produces another p-adic path 
set fractal Vi + 7^2- These results represent purely p-adic phenomena, in the sense 
that analogous results fail to hold over the real numbers, for Mauldin- Williams 
graph-directed fractal constructions. 

1.1. Results. In Section [2] we review the Mauldin- Williams construction over the 
real numbers, then give our basic definition of p-adic path set fractals, describing 
them as sets specified by a solution of a set-valued functional equation using p- 
adic contracting maps (Theorem I2.5|) . We show the equivalence of this geometric 
definition via a p-adic Mauldin- Williams construction to the symbolic dynamics 
characterization using path sets. (Theorem 12. 8[) . 

Our first result deduces that p-adic path set fractals have a Hausdorff dimension 
that is directly computable from a suitable presentation of the underlying path set 
V . A path set presentation V = (G,v) is called right-resolving if the underlying 
directed graph Q has the property that at each vertex of the graph, all exiting edges 
have different labels. All path sets have right- resolving presentations, see [2]. 

Theorem 1.1. (Hausdorff dimension) Let V he a p-adic path set fractal, and let 
(<?,i>o) be a right-resolving presentation ofV. Then its Hausdorff dimension a = 
du{P) is given by 

d H (V) = log p a(A(G)), 

where a (A) is the spectral radius of the adjacency matrix A = A(Q) — [ffl^j] in which 
flij counts the number of directed edges from vertex i to vertex j of the underlying 
directed graph G of Q . 

Our main results concern the effect on p-adic path set fractals of p-adic arithmetic 
operations. We begin with addition of p-adic rationals. 

Theorem 1.2. (Closure under rational addition) Let V be a p-adic path set fractal. 
Then for any rational number r £ Q n 1 V , the shifted set 

V + r := {x + r : x £ V, } 

is a p-adic path set fractal. 

This theorem is constructive and shows that given a right-resolving presentation 
V = (G, v) one can directly compute from it a right-resolving presentation V + r = 

(G',v'). 

Theoren il.2l also follows as a special case of the following result. 

Theorem 1.3. (Closure under set addition) Let V\ and T>2 be two p-adic path set 
fractals in 1i p . Then their sum-set 

Vi + V % := {an + x 2 : Xl £ Vi, x 2 £ V 2 } 

is also a p-adic path set fractal. 

The proof of this result shows that given right-resolving presentations of V\ = 
(Gi,vi) and V 2 = {G2,vs) one can directly construct a presentation V\ + V 2 — 
(Gs, V3), however this presentation (G3, V3) need not be right-resolving. Theorem ll.2l 
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arises as the special case where V2 contains a single element, using the easy obser- 
vation that the only path sets in Z p consisting of a single element are those where 
this element is a rational r g Q n Z p (Theorem 12. 9p . 

Next we turn to multiplication. A main result of this paper concerns multipli- 
cation by p-adic rational numbers. 

Theorem 1.4. (Closure under rational multiplication) Let V be a p-adic path set 
fractal in Q p . Then for any rational number r £ Q(l Z p , the dilated set 

rV := {rx : x £ V}. 

is also a p-adic path set fractal. 

We prove this result in Section [SJ This proof is constructive: given a right- 
resolving presentation of V, it can produce one for rV. Theorem II .41 is obtained by 
concatenation of constructions for several special cases, as follows. 

(1) r = M is a positive integer with gcd(p, M) = 1. A positive integer has an 
infinite p-adic expansion with a finite pre-period and a periodic part with 
all digits 0. 

(2) r = is the inverse of a positive integer with gcd(p, M) = 1; 

(3) r — —1. Note that —1 has a purely periodic nonterminating p-adic expan- 
sion of period 1: 

00 

-1 = x>- l )p k = (■■■ ,p- i,p-i,p-i)p. 

fe=0 

(4) r = p k , for k > 1. 

At the level of symbolic dynamics, the actions of both arithmetic operations 
(adding or multiplying by a p-integral rational number) applied to a p-adic path set 
fractal in general do not preserve the property of shift-invariance of the underlying 
path set specified by the address map for the fractal. 

1.2. Extensions and generalizations. The main emphasis of this paper is on 
the closure of the collection of p-adic path set fractals under arithmetic operations. 
From the viewpoint of geometric graph-directed constructions, the closure under 
arithmetic operations is a special property of the p-adic numbers, and it fails to 
hold for Mauldin- Williams constructions made over the real numbers. 

From the symbolic dynamics characterization of path sets: they are closed un- 
der set union and set intersection as well ([2] Theorem 1.2]). From these results we 
deduce that, given presentations of p-adic path set fractals V\ and V2 one can, in 
principle, compute the Hausdorff dimension of intersections of additive and multi- 
plicative translates of these sets, such as V\ C\{V2 + r) and V\ f](rV2)- This study 
was motivated by questions of this kind that arose in connection with a problem of 
Erdos, see Erdos [9], and [15], [3]- Examples indicate that these Hausdorff dimen- 
sions can change in a complicated fashion depending on number-theoretic properties 
of the rational number r. 

These fractals are closed under another operation: decimation, i.e. extracting a 
complete arithmetic progression of their digits. We set 

1pj,m(oio,ai,a 2 , ■ ■■) = (Oij, Ctj+m, a j+2m , (Xj+3m, •")■ 

and the define the (j, m)-decimated set 

^j,m(V) = {4>j, m (x) : x e V}, 
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which is itself a path set by [2] Theorem 1.5]. It might be interesting to study the 
effect of deimation operations on Hausdorff dimension of the images. 

There are various other generalizations that might be investigated. The meth- 
ods of this paper readily generalize to arithmetic operations applied to the g-adic 
numbers for arbitrary g > 2, as defined by Mahler [18] . As a topological space one 
has 1 g = Y[p\ g ^p- However when g contains prime powers one would use a g-adic 
expansion corresponding to the alphabet A = {0, 1, • • • , g — 1}. 

Another direction of generalization is to allow sets in the p-adic numbers Q p , in 
which case addition or multiplication of arbitrary rational numbers would be per- 
mitted. One may also generalize the notion of p-adic path sets to higher dimensions, 
which would correspond to (Z p ) d . In this case one may investigate various relax- 
ations of the overlap conditions imposed in the Mauldin- Williams construction. In 
the real number analogue R" results have been obtained by Ngai and Wang [23] 
and Das and Ngai [6]. 

1.3. Contents of the paper. Section [2] recalls Mauldin- Williams constructions, 
gives two equivalent characterizations of p-adic path set fractals, and determines 
such objects containing exactly one element. Section [3] gives formulas for Hausdoff 
dimension of path set fractals. Section 2] proves results on addition of rational 
numbers to p-adic path set fractals, and on set- valued addition of two p-adic path 
set fractals. Section [5] proves results on multiplication of p-adic path set fractals by 
rational numbers. Section [6] presents examples illustrating the results. 

Acknowledgments. W. Abram received the support of an NSF Graduate Re- 
search Fellowship. J. Lagarias received the support of NSF grant DMS-1101373. 

2. Symbolic Dynamics and Graph-Directed Constructions 

We first review the Mauldin- Williams construction in the real number case, then 
formulate a p-adic analogue to it, then discuss its path set interpretation, and finally 
characterize those p-adic path sets containing exactly one element. 

2.1. Mauldin- Williams graph-directed constructions. In the 1980's Mauldin 
and Williams [3T] introduced general graph-directed constructions of fractal sets 
over the real numbers, and computed their Hausdorff dimensions, see also Edgar 
Chap. 4]. We follow the notation established in Mauldin and Williams [2~1] . 

Definition 2.1. A geometric graph- directed construction in R m consists of: 

(1) a finite sequence of nonoverlappim£j] , compact subsets J\, . . . , J„ of R m , 
such that each Ji has nonempty interior, 

(2) a directed graph G with vertex set consisting of the integers 1, . . . , n, such 
that for each pair (i,j) there is at most one directed edge from i to j. Also, 
for each vertex i, there is at least one exit edge, i.e. some j such that 

S G, and such that the underlying undirected graph is connected, 

(3) For each graph edge (i,j) there is assigned a similarity map T t j of R m , 
with similarity ratio ti j such that: 

(a) for each i, {T i: j( Jj)\(i, j) £ G} is a nonoverlapping family and 



(2.1) 




Sets Ji and Ji overlay if their intersection has nonempty interior. 
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(b) if the path component of G rooted at the vertex i\ is a cycle: [zi, . . . , i q , i q +i 
it], then these satisfy the contraction condition 
</ 

(2-2) II' 1 

fe=i 

Now for each i let K.{Ji) denote the space of compact subsets of Ji, with the 
Hausdorff metric, pn ■ Mauldin and Williams prove the following: 

Proposition 2.2. For each geometric graph- directed construction, there exists a 
unique vector of compact sets, [Kt, • ■ • , K n ) £ Yli=i such that for each i, 

(2-3) K i = \J{T i>j (K j )\(i,j)eG}. 

Proof. This is proved by Mauldin- Williams ([22 Theorem 1, p. 812]), using the 
results of Hutchinson [T^]. Note that the maps Tjj act in the reverse direction to 
the edges of G. □ 

The construction object K is then defined by 

TO 

(2.4) K=\jKi. 

i=i 

The individual Kj are the construction sub-objects. 

Associated to the graph G is an n x n construction matrix A = Aq given by 

(2.5) A — [ti,j]l<i,j<ru 

where tij is defined to be zero if ^ G. Now for f3 > 0, let 

Ap = ]l<i,j<ni 

and let 

$(/3) := Spectral radius of Ap. 
Mauldin and Williams [20l Theorem 2] observe that for each construction matrix, 
one has 

(1) $(0) > 1, 

(2) $(/?) is a continuous, strictly decreasing function of (3 > 

(3) lim^^oo $(/3) = 0. 

It follows that there is a unique value a > 1 such that $(a) = 1, and call this the 
matrix dimension. 

Mauldin and Williams determine the Hausdorff dimension of the construction 
object K and also of its individual sub-objects Kj, as follows. A strongly connected 
component of a directed graph G is a maximal subgraph that is strongly connected 
(i.e. each vertex reachable from every other vertex by a directed path.) Let SC(G) 
denote the set of strongly connected components of the connected graph G. Put a 
partial ordering on SC(G) by setting H\ < H2 provided there is a directed path in 
G from a vertex in Hi to one in H^. We let an denote the matrix dimension of the 
square submatrix Ah of Aq corresponding to the strongly connected component 
H of G, and we let Cj be the part of the graph reachable from vertex j. 

Proposition 2.3. For each geometric graph- directed construction, the Hausdorff 
dimension of K , the construction object, is a, where 

a = iaa^{a H \H G SC(G)} 
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and K has positive a-finite H a measure. 

Furthermore the Hausdorff dimension of each Kj is ctj , where 

otj := max{a#|if £ Cj}, 

and Kj has positive a-finite a j -dimensional Hausdorff measure. This measure is 
finite if and only if {H £ Cj\an = otj} consists of (pairwise) incomparable elements 
in the partial order -< on SC(G). 

Proof. This a combination of Theorems 4 and 5 of Mauldin- Williams ([2T| P- 814, 
p. 824]). □ 

2.2. p-adic graph-directed constructions. We formulate a (restricted) p-adic 
variant of the Mauldin- Williams construction inside the compact set Z p as follows. 

Definition 2.4. A (restricted) p-adic graph- directed construction on the p-adic 
integers Z p consists of 

(1) a finite sequence of (identical) initial sets J; = Z p , for 1 < i < n; these sets 
overlap. 

(2) a finite directed labelled graph Q = (G, V, E, C) with vertex set V consisting 
of the integers 1, 2..., n, with directed edge set E, and with labelled edge set 
£, with each labeled edge assigned data (i(e), /(e), <f) e ) in which i(e), /(e) € 
V denote the initial and final vertices of the directed edge, and the label 
j e G A = {0, 1, ...,p— 1} is drawn from the usual alphabet of p-adic digits. 
No two edges have the same data (i, j, 4> e ). Each vertex of the underlying 
directed graph G has at least one exit edge. 

(3) to the label j e is associated a p-adic similarity map <p : Z p — > Z p given by 

(j) e (x) =px + j e . 

This is a contractive p-adic mapping. 

We note that the conditions (a), (b) of Mauldin- Williams automatically hold, 
excluding the non-overlapping condition: 

(a) The initial sets Ji — 7L V satisfy the condition 

Jj D [_J{0 e ( Ji(e)) '■ e nas final vertex /(e) = j}. 

(b) Each map <f> e is has p-adic contraction ratio t e '■= \p\ P = - < 1. Thus for 
[ei,...,e ? ] a directed cycle of edges in G, the contracting cycle condition 
holds: 

n <e > < x ' 

1=18 

This definition is broader than the Mauldin- Williams construction in that the 
underlying directed graph G (ignoring labels) is permitted to have loops (z(e) = 
i(e)) and multiple edges (having same i{e),v(e)). It differs in starting with initial 
sets Ji that have overlaps, which is forbidden in the Mauldin- Williams construction. 
On the other hand it requires that all contraction ratios be equal, and in this aspect 
is narrower than the Mauldin- Williams construction. 

In contrast, the Mauldin- Williams construction allows at most one edge between 
vertex pairs and it forbids overlaps in the initial sets; these two conditions are 
needed to handle maps having different contraction ratios on different edges, 
and are essential to obtain their formula for the Hausdorff dimension of the resulting 
set. 
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Theorem 2.5. Let Q be a connected labelled graph with vertices V — {1,2, 
and with edge label alphabet A = {0, 1, 2, ...,p — 1}. Then there exist unique 
nonempty compact sets {Ki : i € V}, each contained in Z p , that satisfy the set- 
valued functional relations 

(2-6) K t = |J MK fi e)), * e V. 

{e:i(e)=i} 

Proof. This existence and uniqueness of the compact set-valued fixed point (|2.6j) 
follows from Hutchinson [12j Theorem 3.1]. The Hutchison proof establishes that 
the K v are obtained by the following iterative process. We start with initial sets 
K^ — Z p , and iteratively define 

{e:i(e)=i} 

We have the sequence of closed sets 

and these converge downwards to the compact sets as n — > oo. □ 

Definition 2.6. Any set given as Y :— Ki for some sub-object Ki in the restricted 
p-adic graph directed system is called a p-adic path set fractal. 

Many different construction pairs (G,i) can produce the same p-adic path set 
Y. One can use this freedom to make good choices for Q. For example, one may 
require Q to be right- resolving, and in addition to have at most one directed edge 
between any directed pair of vertices, see the proof of Theorem 13. If 1) in Section[3] 

2.3. Path sets. We give an alternate characterization of p-adic path set fractals in 
terms of the symbolic dynamics of their members. In [2] we introduced a notion of 
path set in abstract symbolic dynamics defined as follows. Let X — A n be the full 
one-sided shift space on A. A pointed graph over an alphabet A consists of a pair 
(Q, v), where Q = (G,A) is a finite edge-labeled directed graph G, with edge labels 
drawn from an alphabet A, and v a vertex of G. We let V{Q) and £(G) denote the 
set of vertices and directed edges of G, respectively. Following [2] we make a basic 
definition. 

Definition 2.7. For a pointed graph (Q,v) its associated path set (or pointed 
follower set) Xg(v) C A N is the set of all infinite one-sided symbol sequences 
giving the successive labels of all one-sided infinite walks in Q issuing from the 
distinguished vertex v. Many different (Q, v) may give the same path set V, and 
we call any such (Q, v) a presentation of V . 

Now suppose A — {0, 1, ...,p— 1}. Then the one-sided shift space „4 N , topologized 
with the product topology, is homeomorphic to Z p with its usual p-adic topology, 
where one identifies a symbol sequence otoctia2 • • ■ € -4 N with the p-adic expansion 

oo 

x = y^Qj-p J = (a ,ai,a 2 , • • • ) p e Z p . 
j=o 

We write Yp to denote this path set viewed as a geometric object inside Z p , via the 
embedding map j : A Z p . 

The following result shows that this class of sets coincides with the p-adic path 
set fractals defined above. 



8 



WILLIAM ABRAM AND JEFFREY C. LAGARIAS 



Theorem 2.8. Let A = {0, 1, 2, ...,p — 1} and Let (G,v) be path set data, with 
Q = (G, V, E,C) being a labeled directed graph, with labels in A — {0, 1, 2, ...,p — 1}. 
Let Yp C Z p denote this path set, viewed as an embedded geometric object inside 
Z p . Then 

Y v = K v , 

where K v is a p-adic path-set fractal on the same alphabet determined by the p-adic 
graph directed system with the same data Q = (G, V, E, C). The converse also holds. 

Proof. The correspondence proceeds by relating paths to the address labels of points 
in the fractal, compare Edgar [7J Sect. 4.3]. We study the set-valued iteration 
given in Theorem [53] for the p-adic path set fractal determined by Q — (G, V, E, C). 
One proves by induction on k > that for all vertices i that 

K< t ] ■= (J (("o + cap + ■ ■ ■ + a^- 1 ) + p%) 

where the set union is taken over label sequences (oto, au-i) of legal walks in the 
directed graph Q of length k starting from vertex i. The hypothesis that an exit 
edge exists from each vertex guarantees that all paths extend one step. The base 
case k = holds since all = Z p . For the induction step, we have K\ k+l) is 
comprised of sets 

fc-i 

MKffe)) = 3e + E a *P l+1 + 

where (cxq, ...,ctk-i) are labels from a directed walk in Q starting from vertex /(e). 
But now (J e , cto, ctk-i) are vertices of a directed walk of length k + 1 starting 
from vertex i, and all such walks are enumerated this way. This completes the 
induction step. Letting k — ¥ oo, for each vertex i these sets decrease to iQ, which 
is now identified with all infinite walks in Q starting from vertex i. Choosing i to 
be the original marked vertex, we obtain Ki — Yp, as asserted. The converse is 
immediate. □ 

In [21 Theorem 1.1] we observe that the class of path sets on a fixed alphabet is 
closed under finite unions and intersections. Now Theorem 12.81 implies that p-adic 
path set fractals inherit these closure properties. 

2.4. p-adic path sets of cardinality one. We characterize path sets consisting of 
a single element; these give a dynamical characterization of the p- integral rational 
numbers Q D Z p . 

Theorem 2.9. (Single element p-adic path sets) The p-adic path set fractals K 
in 1 p that consist of a single element are exactly those K — {r} for which r is a 
p-integral rational number, i.e. r € Q PI Z p . 

Proof. Given a path set Yp, given with a right-resolving presentation V = (G,vq), 
whose vertices are pruned to remove all vertices with no exit edges, can consist 
only of a single infinite path if there is exactly one exit edge from each vertex, and 
if the path is eventually periodic. The latter forces any element r to be a rational 
number in Z p . Conversely, we may easily construct a path set consisting of a single 
element giving the p-adic expansion of r. □ 
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3. Hausdorff Dimension of p-adic path sets 

We relate p-adic path sets and graph-directed constructions on the real numbers, 
and use this to obtain a formula for their Hausdorff dimension. Recall that the 
adjacency matrix A — A(G) of a directed graph G is a non-negative integer matrix 
whose rows and columns are numbered by the vertices of G (in the same order) 
with entry Aij counting the number of directed edges outgoing from vertex i and 
incoming to vertex j . 

Theorem 3.1. Let p be a prime, and let X be a set of p-adic integers whose 
allowable p-adic expansions are described by the symbolic dynamics of a path set V 
on symbols A — {0, 1, 2, • • • ,p — 1}. 

(1) The map l p : Z p — > [0, 1] Cl taking a — X^fcLo a kP k € Z p to the correspond- 
ing real number with base p expansion 



tp( a ) : = ^ 



v k+i 

k=0 1 

is a continuous map. Then the image set Kq := L P {X) C [0, 1] is a construction 

sub-object K v of a graph- directed fractal in the sense of Mauldin- Williams, whose 

edge similarity maps are all contracting similarity maps o/R with contraction ratio 
1 

p ' 

(2) The Hausdorff dimensions of these sets are related by 

d„(X) = d H (K ). 

(3) If (G,vo) is a right-resolving presentation for the path set X, then 
(3.1) d H {X) =d H {K ) = \og p a, 

where a = o~{A{Q)) is the spectral radius of the adjacency matrix A — A(Q) of the 
underlying directed graph G of Q . 

Remark 3.2. (1) We observed in Theorem 1.9 of [2] that the topological entropy of 
a path set X , with a right- resolving presentation is given by 

htop(X) = log a, 

where a is the spectral radius as above. We deduce that for a p-adic path set 
fractal, its Hausdorff dimension is 

logp 

This extends to path sets a well-known result in the shift-invariant case (Furstenberg 
P3J Prop. III.l]). 

(2) The right-resolving property assumed in (3) is needed to guarantee equality 
of the Hausdorff dimension with log p a. For a general presentations (Q,vo) of X the 
adjacency matrix counts the growth rate of paths, which upper bounds the number 
of distinct sequences of path labels. That is, one always has 

d H (X)<\og p cr(A(g)). 

(3) The allowable class of values a that may occur are the special class of positive 
real algebraic integers called Perron numbers, that were introduced by Lind |16) . 
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Proof. (1) We first find a good presentation (G,v) of the path set X = X-p. A 
presentation is right-resolving if for each vertex v of Q, all exit edges have different 
labels. By a standard construction, a path set always has a right-resolving pre- 
sentation in which Q is connected and every vertex has an exit edge ([H Theorem 
3.2 ], compare |17[ Theorem 3.3.2]). We call a presentation right- separating if the 
underlying directed graph G of Q has no multiple edges. 

Claim. There exists a presentation (G,v) of X in which Q is both right-resolving 
and right- separating. 

To show the claim, given a right-resolving presentation (G',v'), we show it may 
be converted to a right-separating presentation by making use of a vertex-splitting 
construction, as follows. Suppose that a vertex v of Q' has k > 2 labelled edges 
from a vertex w, which necessarily has distinct labels. We create a new labelled 
graph Q" that retains all vertices of G except v and replaces v by k vertices 
1 < i < k. 

Case 1. w 7^ v. 

In this case we assign a single new labelled edge from w to each v 1 - 1 ' such that 
as i varies, the corresponding edge labels exhaust the k labels of edges from w to 
v. The exit edges assigned each each duplicate the exit edges from v, both in 
multiplicity and in labels, with self-loops of v corresponding to self-loops of v^ l \ 
The entering edges to iy^> will all be the same in multiplicity and in labels as for v, 
while for v^ 1 ' with i > 2 there will be no entering edges from the rest of the graph, 
with the exception of self-loops, assigned as above. Finally all edges between any 
two vertices distinct from the will be the same as in the original graph. 

Case 2. w = v 

In this case v has k self-loops, all with different labels since the right- resolving 
property is assumed. In this case, by identifying the k loop labels with {1, 2, k} 
in some fixed fashion, we assign an directed edge from «W to with edge label 
corresponding to i + j (mod k), for 1 < i,j < k. The other exit edges assigned 
each t>W duplicate the exit edges of v, in multiplicity and labels ( excluding self- 
loops ). The entering edges of will all the same in multiplicity and labels as 
for v (excluding self- loops). All other t>W have no entering edges al all from other 
vertices of the original graph v' ^ v. 

We next assert that the path sets from all states (G",w') for w' ^ agree 
with those of ((/',«/), while all path sets {G" ,v^) agree identically with that of 
(G',v). This assertion may be established by viewing G' as a covering of G which 
preserves edge labels, which has the k vertices uW lying above vertex v, and all 
other vertices agreeing. One may check that each edge in G' from a given initial 
vertex v' lifts uniquely to a suitable vertex and edge above it (here v' = w is the 
only interesting case), except that self- loops from v lift to a self- loop for any initial 
vertex After the first step, any path lifts uniquely. Conversely any labelled 
path in the lifted graph projects to an allowable labelled path in G' ■ The assertion 
follows. 

This construction has the feature that the new graph G" is still right-resolving, 
so it may be repeated. In doing so, we must eventually arrive at a right-resolving 
and right-separating presentation. Assign to each vertex an integer invariant that 
is the product of the multiplicities of all entering edges. When a vertex is split, this 
invariant decreases for all of the k descendants »«, and remains the same for all 
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other vertices of the graph. By the well-ordering of N, the splitting procedure will 
eventually halt at a right-separating presentation. This establishes the claim. 

We now suppose given a right-resolving and right-separating presentation (G,v) 
of A, and we proceed to map this to a corresponding graph-directed construction. 
We arrange to shift the image sets by integers in such a way as to satisfy the non- 
overlapping condition in the Mauldin- Williams construction. View the vertices of 
Q as labelled with integers < i < n = \V(G) \ — 1, with the We let Xj denote the 
path set associated to (G,j), with Xq = X. We map the set Xj under the map 
bp + 2j to the image set 

K 3 :=t(X i )+2ic[2j,2j + l] ) 

with the integer shifts making all sets Kj disjoint in R. 

We now define a Mauldin- Williams geometric graph-directed construction in 
R, with all image sets contained in the compact set [0, 2n], for which the sets 
(Kq,Ki, ...,K n ) form the construction sub-objects. The underlying graph G of Q 
above has the correct properties to be a graph in the Mauldin- Williams construc- 
tion: it is connected, has at most one directed edge between any ordered pair of 
vertices, and each vertex has at least one exit edge. To each directed labelled edge 
e = \iuii] of Q with label j we associate real- valued map 

(x - 2i 2 ) + j 

<pe{x) = h 2li. 

P 

By the basic theorem of Hutchinson |T2l Theorem 3.1], this construction has a 
unique compact attractor consisting of a collection of compact sets {Kj : < j < 
n}. These sets Kj are directly by the Mauldin- Williams (iterative) geometric graph- 
directed construction using [2TJ Theorem 1] starting with the (disjoint) initial sets 
Jj := [2j, 2j + 1] (v € V(Q). In particular, the non-overlapping property (a) of all 
Tij(Jj) follows from the right-resolving property of the graph Q. These sets are 
compact, with non-empty interior, and after m-iterations, we have sets J v m ^ (v € 
V(G)) which form nested sequences, and we then obtain K v := f] m J^ m) - The 
Mauldin- Williams construction object is K — \J ve yrg-)K v . The set Ki c [2i, 2i + l). 
and K = l(X) since K C [0, 1] and the underlying symbol sequences of X and of 
Kq agree. (Some points in Kq have two preimages under the map o p , and only one 
of the two preimage symbol sequences occur in this case.) 

(2) The definition of p-adic Hausdorff dimension is quite similar to Hausdorff 
dimension for real numbers on the interval [0, 1], cf. Abercrombie PQ. An e-coverings 
of A is a covering of A by a countable collection of p-adic open balls all having 
diameter at most e, and considers the quantities 

ma(X) := lim inf (Vol(B(x u e t ))f , 

e— fO e — cover 

in which the data e*) : i > 1} describes the covering, specifying center Xi and 
radiuses of p-adic disks, and with < ej < e, and Vol(5) denotes the usual p-adic 
measure of S C Z p . There is a cutoff value /3q such that mp(X) = oo for f3 > f3 
and rnp(X) = for < (3q; this is the Hausdorff dimension of A. We use the 
following basic fact, following [TSJ Sec. 3.2 ]. 

Claim. There is a continuous (and almost one-to-one) mapping i v : Z p — > [0, 1] 
which sends a p-adic number X = (•••d2d±do) p to the real number with base p 
expansion .do^i^2 ■ •• • This mapping preserves Hausdorff dimension of sets, i.e a 
p-adic set X and its image t p (X) have the same Hausdorff dimension. 
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To verify the claim, note that one can expand each set in a p-adic covering of a 
set X to a closed-open disk 

B{m,p r ) = {i e Z p : x = m (mod p J )} 

(which has diameter i-), with at most a factor of p increase in diameter, and 
similarly one can inflate any real covering to a covering with ternary intervals 
[p"' ^pj 1 w ith at most a factor of p increase in diameter. But these special intervals 
are assigned the same diameter under their respective metrics, and this can be used 
to show the Hausdorff dimensions of X and o(X) coincide. (The Hausdorff measures 
of the resulting sets is not proved to coincide by this argument.) 

The truth of the claim immediately yields cIh(Ko) = dii(t(X)) = <1h(X), as 
asserted. 

(3) Suppose we are given a right-resolving presentation (Q, vq) of the p-adic path 
set. Assume first that this presentation is right-separating. In that case we can 
directly make use of Proposition ^. 3l of Mauldin- Williams. The set K Vo is connected 
by paths to every vertex of the graph Q, so that the vertex set C\ := S(Q) reaches 
all strongly connected components of Q. By Proposition 12.31 we obtain that the 
Hausdorff dimension of K Va is the same as that of the full construction object 
K = {j v K v . 

The Hausdorff dimension of K v is computed in [21] in terms of the adjacency 
matrix of a graph encoding the contraction maps. In our case all nonzero maps for 
G* are similarities with constant ratio i, which yields the matrix 

A f3 = (-fA(g*)^(-fA(g) T 
p p 

where A(Q) is the adjacency matrix for the underlying directed graph G, and A(Q) T 
is its transpose. Here A(G) v ,w counts the number of directed edges from vertex v 
to vertex w. Now we assume the map Q is right-resolving (this guarantees a certain 
non-overlap condition for addresses in the final sets K v ). We set 

$(/3) := Spectral radius of Ap := \p. 

Now the special form of Ap yields 

$(/3) = A^ = \ Q p-^ 

in which Ao is the spectral radius of a(A(Q)), which equals a(A(Q) T ). By [3TJ 
Theorem 3] the full construction object has Hausdorff dimension 

d H (K) =a 

where $(a) = 1. This gives 

a = log p A = \og p a{A[g]), 

as required. 

It remains to treat the general case, in which (Q,vq) is not necessarily right- 
separating, and show that the formula for Hausdorff dimension continues to hold. 
To handle this case, we study the effect of the state-splitting construction introduced 
earlier to convert a right- resolving presentation (Q ' ,v') of a path set to one (G,Vq) 
that is also right-separating. It suffices to show that every step of this procedure 
preserves the value of the spectral radius (Perron eigenvalue) of the associated 
nonnegative matrix If this is shown, then the already proved formula for 

the Hausdorff dimension for the p-adic path set associated to (G,vq) will carry over 
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to that for (Q' ,%)'). We check the spectral radius is preserved. We use the known 
fact that the spectral radius of a nonnegative matrix A is given by 

a(A)= lim (N n (A))±, 

n— > oo 

in which N n (A) = e T Ae, where e = [1, 1, .., 1] T is a column vector. Here N n (A) 
counts the number of directed paths of length n between all pairs of vertices of A. 
(The existence of the limit is part of the assertion.) We use the fact that Q" is a 
covering of Q' and that all (labelled) paths of Q' lift uniquely to paths of Q", with 
the exception of paths that have starting vertex v, which have k distinct lifts, where 
k was the number of vertices of Q that were split. From this we conclude that 

N n (A(G)) < N n (A{Q")) < kN n (A(G)), 

and since k is constant, we conclude that 

<y(A{G')) < a{A{Q")) < lim fc*JV B (A(S')))*) - 

n— >oo 

giving the result. □ 

Proof of Theorem l_Z.il This is immediate from Proposition ^. 11 It represents the set 
X Vo as a pullback from one set in a graph-directed fractal of the type of Mauldin and 
Williams [2T], which has identical symbolic dynamics, with the Mauldin- Williams 
non-overlapping condition enforced. □ 

4. Addition of p-adic path set fractals 

We analyze the effect on p-adic path sets of addition with rational numbers 
r € Q, viewing Q as a subfield of Q p . We describe algorithms which when given a 
realization (!?,i>o) of a path set X, will produce a realization of X + r, sometimes 
under restrictions on X. 

4.1. Sum of a path set and a p-integral rational number. Theorem 11.21 is 
an immediate corollary of the following stronger result. Recall that a p-integral 
rational number r is any r£QnZ p . 

Theorem 4.1. Let V be a path set having a right-resolving presentation (G,Vq) 
having V vertices. Suppose that r is a p-integral rational number, which has a 
p-adic expansion with pre-periodic part of length Q and a periodic part of period 
Q. Then the additively shifted set V := V + r is a p-adic path set, which has a 
right-resolving presentation having at most 2p(Qo + Q)V vertices. 

Proof. We give an explicit construction, starting from the given right- resolving 
presentation (G,Vo). 

We suppose first that r has a purely periodic p-adic expansion [cqC\C2 ■ ■ ■ ) p , of 
period Q, with Cj+Q = Cj, and write 

oo Q— 1 oo 

r = £^H£^)(5> fcQ )- 

j=0 j=0 fc=0 

We aim to construct a right-resolving presentation (Q' , wo) for V' := V + r. The 
vertex states of Q' will be labelled w = (v, /, e, a), in which: 

(i) v denotes a vertex of Q; 

(ii) / with < / < Q — 1 denotes a place-marker in the periodic portion of the 
p-adic expansion of r, 
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(iii) e keeps track of the current amount of "carry-digit" information not yet 
incorporated in the sum-set p-adic expansion, 

(iv) a with < a < p — 1 denotes an edge label value. 

The initial vertex will be mvq = (vq, 0,0,0). We will establish an upper bound on 
the maximum size e < 2 in the analysis below. 

The exit edges of Q' map a vertex w to w' = (v' , f',e',a') in which there is a 
directed labelled edge (v,v') € Q, with label l\ satisfying £% = a', and the value 
/' = / + 1 (mod Q). The edge label i assigned to this edge will be < £ < p — 1 
with 

(4.1) I = e + lx + cf (modp- 1), 
and the value e' is required to satisfy 

(4.2) e' = -(e + e 1 +c f -£'). 

We define the graph Q' to consist of all states reachable from the initial vertex Wo. 
We first show that all reachable vertices satisfy the bound e < 2; this shows that 
the graph Q' is finite and also bounds its size. The bound is proved by induction 
on the number of steps n along a directed path. The base case n = has e = 0. 
For the induction step, using the rule above 

e' = -(e + h + cf-i) < -(2+(p-l) + (p- 1)) < 2, 
p p 

completing the induction step. 

We next show that the presentation (G' , w ) has path set V satisfying V' = V+r. 
We first check that Q' is right-resolving. To see this, note that the exit edges from 
a vertex w correspond to exit edges from vertex v in the right- resolving graph Q, 
whence any two edges have different values of t\. Now the exit edge label I is an 
invertible linear function of i\ by (|4.4[) . since the values e and c/ are fixed by w, so 
all exit edges have distinct labels, as asserted. 

We next observe that a lifted path in Q' uniquely determines an underlying path 
in Q. This follows since the path label value l\ is uniquely recoverable from the 
path label i and the vertex data on Q, using (|4.5p . since e' is known and c/ is 
known from the vertex label /. The underlying path on Q determines 

n-i 

x n = a k p k , i = 1,2, 

fc=0 

corresponding to the initial part of the p-adic expansion of a value x £ V being 
determined by the CJ-path. (The values a k are the successive labels i\ along the 
C?-path.) Conversely, each path in Q with initial vertex d lifts to a unique path in 
Q' with initial vertex w . Given a vertex w, a labelled edge (v,v') with label £\ 
determines the values a! = l\ and e' a unique vertex w' that w connects to. 

We now show that for a path in Q determining x £ V, the labels of the lifted 
path in Q' suffice to compute the value x + h e V '. We prove this by induction on 
n, for the n-step initial path. The successive edge labels : < i < n — 1} of the 
lifted path in Q' with the end vertex data e' — e n determine the quantity 

n-l 

Vn ■= J2 6 'kP k + e nP n - 

k=0 
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We establish by induction that 

(4.3) y n -i = x n -i +r„_i, 
in which 

m— 1 

r m := ^ Ck P k > 
j=o 

is a truncated version of the p-adic expansion of r. By the induction hypothesis, 
x n + r n = (x n -i + r„_i) + an-ip"^ 1 + c„_ip n_1 

n-2 

= ( E + en-IP"" 1 ) + Qn-ip"" 1 + Cn-lp"- 1 ) 

fc=0 
n-1 

= (iy*p*) +e «p" 

the last equality holding by virtue of (|4.5p . using e/ = c n _i and l\ = a n . This 
completes the induction step, proving (14.3[) . 

Now the lifted path data yields the p-adic limit 

n-1 

lim l k p k — lim (x n + r n ) — lim e n p n = x + r. 

n— >-oo ^ — ' n— >co n— foo 
fc=0 

We conclude that the lifted path of Q' corresponding to x € determines the point 
x + r e T 5 '. It follows that V' = V + r, as asserted. This completes the argument 
for r having a purely periodic p-adic expansion. 

It remains to extend this construction to the case where r has a preperiodic part 
of length Qq, and to upper bound the number of states in the constructed presen- 
tation (C?,w). The extension is routine: we add extra vertices w := (v,dj,e, a) 
to Q 1 in which v denotes a vertex of Q, dj marks the j-th preperiodic digit of r, 
1 < j < Qoj The exit edges of Q' map a vertex to w' = (v', dj+i, e', a') in which 
there is a directed labelled edge (v,v') G G, with label l\ satisfying l\ — a'. The 
edge label I assigned to this edge will beO<^<p— 1 with 

(4.4) ( =e + e 1 +d j (modp-1), 
and the value e' is required to satisfy 

(4.5) e' = -(e+£i + dj-e'). 

The final preperiodic digit exit edges go to vertices w := (v' , /o, e', a') in the earlier 
set. 

It is straightforward to check that the underlying labelled graph has the right- 
resolving property. Finally one must check this extension preserves the lifting prop- 
erty of paths, we omit details. 

It remains to upper bound the total number of vertices in the graph (Q,w). 
The preperiodic part contributes at most 2QoVp vertices, and the periodic part 
contributes at most 2QVp vertices. □ 

Remark 4.2. The key features in the proof are: (i) the p-adic carry digits propagate 
to higher powers of p and do not disturb earlier p-adic digits; (ii) the size of the 
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carry digits is bounded above. Here property (i) fails in the real number case, and 
there is no real number analogue of this result. 

4.2. Set sum of two p-adic path sets. We show that the set sum of two p-adic 
path sets is itself a path set, establishing Theorem 11.31 This proof is constructive, 
but it no longer produces a right- resolving presentation. 

Proof of Theorem \1.3[ We suppose that V\ and Vi have associated right- resolving 
pointed graph presentations (Gi,Vo,i), (i = 1,2). We use these presentations to 
directly construct a presentation (<7i,2,wo) for V\ + V2, certifying that it is a path 
set. 

To begin the construction, Q^ 2 will have vertices labelled w := {vj i, i>fc,2> e, a) 
where Vj t \ £ V(Gi),Vk,2 & ^(£2)), and e > is an integer encoding "carry-digit" 
information, and < a < p — 1 specifies an allowed edge entry label in Q\. A bound 
on the maximum size of e will be established below. 

The exit edges from vertex w go to a new vertex w' = (ty,i, Vk',2, e', a') in which 

(a) there is a directed edge of Q\ from Vj.i to Vj> t i having label £\ satisfying 
£1 =a'; 

(b) a directed edge of Qi from Vk.2 to Vfc',2 with label £2, and 

(c) the constructed edge is assigned the label £, < £ < p — 1, determined by 

I = e + i x + £ 2 (mod p), 0<£<p-l 

(d) the new carry-digit is 

e' = -(e + £i + ta-£) > 0. 
P 

The initial pointed vertex of the graph Q* 2 is wp := (fo,i, «o,2, 0, 0). We now 
define Q^ 2 to consist of all vertices above reachable by a directed path starting 
from Wo. We show this is a finite graph by establishing that that the carry digit in 
any reachable vertex satisfies e < 2. This follows by induction on the length of the 
path. The base case is n — where it holds vacuously. For the induction step, we 
upper bound the new value of e via 

e' = - (e + l x + £ 2 - I) < - (2 + (p - 1) + (p - 1)) < 2, 
p p 

completing the induction step. 

To see that the path set produced by this graph is indeed V\ +V2, we prove by 

induction on n > that being at a vertex w at step n says that the first n p-adic 

digit symbols of an rt-step path X\ + X2 have been computed, namely we have 

n-i 

ffii,n ^ ^k^iP , ^ 1, 2, 
fc=0 

are such that 

n-l 

Xl, n + X 2 .n = ^ hp k + ep n , 
k=0 

where e = e n is the current carry-digit, and the bi are the edge labels produced so 
far in the graph §i 2 - Suppose the next directed edge moves to a vertex w' = w n+ i, 
with data (e', a'). Then we have a' = l\ = a n ,i and 

eJ = -(£ 1 +£ 2 -e + e) = -(a + £ 2 -£+e) 
p p ' 
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Since e,a,£ are all known, this equation uniquely determines the label £2 = a«,2- 
Since both Q\ and Q2 are right-resolving, the edges (j,f) and (k,k') with the 
labels a ni ,a„ 2 are legal steps uniquely determines the edges updating Xi tn ,X2, n to 
£i,n+i, £2,71+1- Now the definition of edge labels in Qf 2 assigns the label b n :— I to 
the edge of Q^ 2 an d e ' = e «+i m 

71 

xi,„ + i + a; 2 ,„+i = ^2 bk P k + e '-P™' 

fc=0 

completing the induction step. □ 

Remark 4.3. The path set presentation (Q^ 2 ,w ) for V\ + V2 given in this con- 
struction is generally far from right-resolving. A geometric interpretation is that 
this occurs because some values x — x\ + X2 € V\ + V2 may have more than one 
representation (xi,x 2 ). This construction produces a separate path for each pair 
(xi,x 2 ), so more than one path can yield the same sequence of labels. 

5. Multiplication and p-ADic path sets 

5.1. Multiplication by rational numbers. We give constructive proof for mul- 
tiplication by rational numbers of specific types. 

Theorem 5.1. Let V be a path set having a right-resolving presentation (Q,Vo) 
having V vertices. Let M > 2 be a positive integer with gcd(p, M) = 1. 

(1) For r = M the multiplicatively shifted set V := MV is a p-adic path set 
which has a right-resolving presentation having at most (M + 1)V vertices. 

(2) For r — jj the multiplicatively shifted set V := j^V is a p-adic path set 
which has a right-resolving presentation having at most (M + 1)V vertices. 

(3) For r = — 1 the multiplicatively shifted set V := —V is a p-adic path set 
which has a right-resolving presentation having at most (p + 1)V vertices. 

(4) For r = p k , with integer k > 0, the multiplicatively shifted set V := p k V is 
a p-adic path set which has a right-resolving presentation having k + V vertices. 

Proof. Given right-resolving presentation (Q,Vo) of V with V states, we give an 
explicit construction of a right-resolving presentation (£?', wo) for rS, for each given 
r. The constructions in cases (l)-(3) are similar. 

(1) We have p \ M, and construct a presentation (Q' , wo) for MV . The vertices 
of Q" will be pairs w = (v,c), in which v is a vertex of Q, c is a carry digit, which 
will satisfy < c < M. The initial vertex is bwo := (vq, 0). The exit edges from a 
vertex w to a vertex w = (v 1 , c') will occur only if there is at least one edge from 
v to v' . Given such an edge of Q with label £, we assign a corresponding edge of 
Cf'with label £' given by 

(5.1) H = M£ + c (mod p), < £' < p - 1, 

which is well-defined since (p, M) — 1. We require that the new carry digit be 

(5.2) c' :=-(c + M£-£'). 

p ' 

We define (5',wo) to the graph obtained taking all vertices reachable from Wo 
in the above construction. We prove that all reachable states have < c < M by 
induction on the number of steps n on a minimal path to such a state. The base 
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case n — is true, since c = 0, and the induction step follows by observing from 
([53]) that 

c' < -(M + M(p- 1)) < M. 

We conclude that the graph Q' has at most (M + 1)V states. 

The pointed graph (£/', w ) now determines a path set V. We first observe that 
0' is right-resolving. We argue by contradiction. If not, there would be two exit 
edges of some vertex w = (v, c) of Q having the same value of £' . But then by (|5.1[) 
the underlying edges of (G,vq) would have the same value of £, contradicting the 
right-resolving property of (G,vo)- 

It remains to show that if V is the resulting path set, then V = MV . Consider 
an infinite path in Q, with image 



oo 

E 

3=0 



£ jP 3 G V 



We assert the corresponding output path 



3 = 1 

has 

1 

Ugc — 7Vf"*^°°' 

We verify this by an induction on the length of a finite path approximating Xoq. 
Let i>o, Wi, v n be states on a path in sG with edge labels £o,£i,£ n -i. Associated 
to this path is 

X n = £ Q + hp + ■ ■ ■ + £n-ip n ^ ■ 

By construction we obtain 

n-l 
3=0 

Now we prove by induction on n > 1 that 

y„ = Ma;„ + e n p n 

where e„ = c', where c' is the carry value at the final vertex v n . The base case 
n = 1 is clear, and for the induction step (e„ = c, e n +i = c') we get, using (|5.2I) . 

Mx„ +1 = M (x n + £ n p n ) = y n + (e„ + M£ n )p n = y n + e n+lP n+1 

Now we use |e n p n |p — > as n — > oo, whence My^ = Xca establishing the result. 

(2) We have p \ M. The vertices of Gm will be pairs w = (v, c), in which v is 
a vertex of Q, and c > is a carry digit, initially unbounded, which we later show 
will satisfy < c < M. The initial vertex is bwo := (i>o, 0). The exit edges from a 
vertex w to a vertex w = (v',c') will occur only if there is at least one edge in Q 
from v to v'. Given such an edge of Q with label £, we assign a corresponding edge 
of (?'with label £' given by 

(5.3) Ml' =£- c (mod p), < £' <p- 1, 

which is well-defined since (p, M) — 1. We require that the new carry digit be 

(5.4) d := -(c + M£'-£). 

p 
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We define (Q' , wo) to be the graph obtained by including only the vertices reach- 
able from wo in the above construction. We prove that all reachable states have 
< c < M by induction on the number of steps n on a minimal path to such a 
state. The base case n = is true, since c = 0, and the induction step follows by 
observing from (|5.4p that 

c' < - (M + M(p- 1)) < M. 
p 

We conclude that the graph Q' has at most (M + 1)V states. 

The pointed graph (Q' , w ) now determines a path set V . We first observe that 
Q' is right-resolving. We argue by contradiction. If not, there would be two exit 
edges of some vertex w = (v, c) of Q having the same value of £'. But then by (|5.3[) 
the underlying edges of (G,Vq) would have the same value of £, contradicting the 
right-resolving property of {Q,Vq). 

We now verify that the path set V 1 equals t/P, still supposing (p,M) = 1. 
Consider an infinite path in Q, with image 

oo 

We assert the corresponding output path 

oo 
3 = 1 

has 

1 

We verify this by induction on finite paths. Let Vq, V\, v n be states on a path in 
sG with edge labels £o,£i,£ n -i. Associated to this path is 

X n = £q + hp + ■ ■ ■ + ^-IP 71 ' 1 ■ 

By construction we obtain 

n-l 

Now we prove by induction that 

My n = x n + e n p n 

where e n — d the carry value at the final vertex v n . For the induction step (e n = 
c, e„+i = d)) we get, using l|5.4p 

My n+1 = M (y n + £ n p n ) = x n + (e„ + M£ n )p n = x n+1 + e n+lP n+1 

Now we use \e n p n \ p — > as n — > oo, whence My^ = Xoo establishing the result. 

(3) We construct a right-resolving presentation (Q", wo) for (— 1)V, as follows. 

The vertices of Q' will be pairs w = (v, c), in which v is a vertex of Q 1 and c is a 
carry digit, which may take values or — 1. The initial vertex will be bwo := (vq, 0). 
The exit edges from a vertex w to a vertex w = (V, d) will occur only if there is 
at least one edge in Q from v to v'. Given such an edge of Q with label £, we assign 
ot it a corresponding edge of Q' from w to w'with label £' given by 

(5.5) £' = -£ + c (mod p), < £' < p - 1, 
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If the current vertex has c = and 1 = 0, then the new vertex has £' = and is 
assigned carry digit c' = 0. If cither c=— 1 or if c = and I > 0, then the new 
carry digit c' = — 1. (Once a path in Q' reaches a state with carry digit c' = —1, all 
subsequent states reached have carry digit —1.) Note that when c = — 1 we have 
-p < -I - 1 < -1 and I' = p - 1 - 1. 

We now let Q' denote the part of the graph above reachable from the state Wo. 
This graph has at most 2V vertices. We assert that Q' is right-resolving. This is 
clear since the label £' on exit edges from a vertex w are in one-one correspondence 
with labels on exit edges in Q from the associated vertex v, via (j5.5[) . 

Suppose that V' is the path set determined by {Q ,wo), then V = —V. We let 
x n = YJjZo £jP 3 and 

n-l 

Vn = J2 £ JP J - 

3=0 

We have y n = x n = as long as the carry digit c = 0. Let l r — 1 be the first nonzero 
digit on the path, where the carry digit switches to —1. From then on switches to 
c = —1, we have 

n-l 

Vn = [p~ tr-lV 1 + ~ l 3 ~ ^ = ~ Xn + 

j=r 

Letting n — > oo we obtain yrx, = —Xoo, establishing the result. 

(4) For k > the set p k V consists of all sequences of V having k zeros adjoined 
at the beginning. A presentation (C*',w) for this set is as follows. Let Q' consist of 
Q with the addition of k new vertices Wj (0 < j < k — 1) added. Each of the new 
vertices has a single exit edge from to w J+1 assigned label 0, for < j < k — 2, 
and a similar exit edge labelled from Wk~i to vq. The start state of Q' is Wo. □ 

Remark 5.2. Theorem 15.11 excluded the case "multiplication by with k < 0, 
which maps Z p outside of Z p , so is not well-defined. 

5.2. Proof of Theorem [mi 

Proof of Theorem \1.4\ Let r be a p-integral rational number, i.e. ord p (r) > 0. We 
may factor r = (-l) a p k j?±, in which a <E {0,1}, k > and gcd(p, M 1 M 2 ) = 1. 
Now we successively apply the constructions in Theorem 15. II to multiply V by -jj-, 
next multiply the resulting set by M2, next multiply the resulting set by (— 1)", 
and finally multiply the resulting set by p k . □ 

6. Examples 

In these examples, we let Y, p (D) denote the p-adic integer Cantor set consisting 
of all p-adic integers whose digits are drawn from a set D C {0, 1, • • • ,p— 1}. Such 
sets are all p-adic path sets, having Hausdorff dimension d^r(E p (D)) = log p \D\. 

Example 6.1. Consider the 3-adic Cantor set £3({0, 1}) whose 3-adic expansions 
admit the digit 2. This set is presented as a 3-adic path set by the pointed labelled 
graph (G,0) pictured in Figure [TJ 



P-ADIC PATH SET FRACTALS 
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Figure 1. Presentation (£,0) of E 3 ({0, 1}). 



This graph has adjacency matrix 

A=(2), 

whose Perron- Frobenius eigenvalue is 2, hence the Cantor set £ 3 ({0, 1}) has Haus- 
dorff dimension df/(£ 3 ({0, 1})) = log 3 2, as is well known. 

Now we consider the effect of additively shifting by r — 2. The construction of 
Section l4~Tl applied to the presenatation above yields the presentation of £ 3 ({0, 1})+ 
2 given in Figure H by £'(0200). 








Under one ordering of the vertices of Q' , the adjacency matrix of the underlying 



(undirected) graph of Q' is 



A' 



/Oil 
1 
1 
\ 1 



1 
1 

1 / 
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The eigenvalues of A' are 2 and (multiplicity 3), so we see the Perron eigenvalue 
is 2. Thus the Hausdorff dimension is 

d H (E 3 ({0,l}) + 2) = log 3 2. 

Recall that these sets must have the same Hausdorff dimension, because they are 
bi-Lipschitz equivalent, hence their adjacency matrices must have the same Perron 
eigenvalue. 

Example 6.2. We consider the effect of set addition on 5-adic Cantor sets T,^(D) 
for certain subsets of digits D. For all sets of two digits, we have df/(E 5 ({a, b}) = 
log 5 2. Let 

Xij =E B ({0,i}) + E B ({0,j}),far 1 < i,j < 4. 
One can show that 

(6.1) log 5 3<d ff (X i!i )<log 5 4. 

We find by inspection that the sums of certain Cantor sets are themselves Cantor 
sets: 

X M := E 5 ({0, 1}) + E 5 ({0, 1}) = £ 5 ({0, 1, 2}) 

Xi, a = E 5 ({0, 1}) + E 5 ({0, 2}) = E 5 ({0, 1, 2, 3}) 

These examples have Hausdorff dimensions dji(Xi i) = log 5 3 and dii{Xi^) = 
log 5 4, respectively, and they show that the bounds in (|6.ip are sharp. Much 
more interesting are the sets X 2 ^ and ^1,4, which are not Cantor sets; this p-adic 
carry operations done on addition in the set sum destroys the Cantor set property. 
To compute their Hausdorff dimension, we first find p-adic path set presentations 
for them by the construction of Theorem 11.31 These presentations are not right- 
resolving, but we then apply the subset construction method in [21 Sec. 2] to obtain 
a right-resolving presentation. We omit the details, noting only that for X\ A we 
find the resulting graph has five vertices and adjacency matrix 



A14 = 



/ 1 1 1 \ 
1110 
110 11 
110 11 
\ 1 1 Q 1 1 J 

Its Perron eigenvalue is 2 + Computing their Hausdorff dimension by the 

formula of Theorem 13.11 we obtain 

d H {X 1A ) = log 5 (2 + y/2) w log 5 (3.41412) 

A similar construction for X2 y 3 leads to 

d H (X 2 , 3 ) = log 5 (2 + V3) « log 5 (3.73205). 

Example 6.3. We next consider on the effect on the 3-adic Cantor set £3({0, 1}) 
of a multiplicative translation by r = \. The set jEs({0, 1}) has a presentation 
(H, 00) obtained that of E 3 ({0, 1}) given by (Q, 0), using the construction given in 
Section 15.11 This presentation is shown in Figure [3] 



P-ADIC PATH SET FRACTALS 



2:S 




Figure 3. Presentation (ft, 00) of tX 3 ({0, 1}). 



The adjacency matrix B of the underlying graph of ft is 

/ 1 1 \ 
10 1 
11 



B 



\ 1 1 / 



This matrix has Perron eigenvalue 2, and it has three other smaller nonzero eigen- 
values, one real and two conjugate complex. Using the formula in Theorem 13. If 3) 
we obtain d H (|S 3 ({0, 1}) = log 3 2. 

Example 6.4. In this final example we consider the effect of intersecting multi- 
plicatively translated Cantor sets. We consider the case 

X:=E 3 ({0,l})nis 3 ({0,l}). 

We obtain by the method of [3J Sec. 4] applied to the presentations above the 
presentation of ft'(OOO) shown in FigurelH where ft' is the label product ft' = G*H, 
as defined in [2j Sec. 4]. 




Figure 4. Presentation ft' (000) of £ 3]({0 . 1}) 2n |S 3 ({0,1}). 



The adjacency matrix of the underlying graph of ft' is 



B' 



1 1 
1 
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whose Perron eigenvalue is 1+ 2 ■ We conclude that 

d H (z 3 ({o, i}) n is 3 ({o, i}) = iog 3 (l±^). 

Remark 6.5. In [3] we will study intersections of multiplicative translates of 3-adic 
Cantor sets in much more detail. 
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